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We present a theory for the transition to convection for flat chemical wave fronts 
propagating upward. The theory is based on the hydrodynamic equations and the one-
variable reaction-diffusion equation that describes the chemical front for the iodate-arsenous 
acid reaction. The reaction term involves the reaction rate constants and the chemical 
composition of the mixture. This allows the discussion of the effects of the different chemical 
variables on the transition to convection. We have studied perturbations of different 
wavelengths on an unbounded flat chemical front and found that for wavelengths larger than 
a critical wavelength (A> Ac) the perturbations grow in time, while for smaller wavelengths 
the perturbations diminish. The critical wavelength depends not only on the density 
difference between the unreacted and reacted fluids, but also on the speed and thickness of 
the chemical front. 
I. INTRODUCTION 
In experiments on the iodate-arsenous acid reaction, a 
convectionless flat chemical front propagates upward in a 
cylinder of diameter less than 0.94 mm, while for diameters 
equal to 1.8 mm or larger, the front is curved and moves 
faster than the flat front. I,2 When the front propagates 
downward, the front is flat for all diameters and has the 
same speed as the flat front moving upward. The increase 
in speed and change in curvature indicates the presence of 
convection. This is a consequence of having the reacted 
fluid of lower density underneath the unreacted fluid of 
higher density. 
A previous theory of the transition to convection in 
autocatalytic reaction fronts3,4 described the chemical 
wave propagation in terms of the eikonal relation5,6 involv-
ing the normal speed of the front (c), the flat front speed 
(co), and the front curvature (.JY): c=co+ D.JY, where D 
is the molecular diffusivity. In this theory, the front has 
zero thickness, the fluid pressure and velocities are related 
by jump conditions across the front, and all the chemistry 
is contained in the eikonal relation. The chemical compo-
sition determines Co (Ref. 7) and the density difference 
between the unreacted and reacted fluids. These quantities 
are external parameters to the theory that have to be de-
termined from experiments or from another theoretical 
model. The eikonal relation provides the mechanism which 
stabilizes the front as it tends to speed up the valleys and 
slow down the hills as they deviate from the flat front. This 
relation was derived from a reaction-<iiffusion equation 
and has been successfully applied in other chemical wave 
problems, such as spiral waves in the Belousov-
Zhabotinskii reaction.8 However, it is still an approxima-
tion that requires a very thin front, and consequently it 
cannot be used to study the hydrodynamic stability of the 
front as its thickness changes. To include these effects in 
the theory, we need to incorporate the full reaction-
diffusion equation from which the eikonal relation was de-
rived. 
Experiments on propagating fronts for the arsenous 
acid system performed in petri dishes established the de-
pendence of the front speed on the chemical composition of 
the mixture.9 The front velocity varies with the concentra-
tion of iodate or the acidity of the solution. These experi-
ments were successfully described by a one variable 
reaction-<iiffusion equation whose analytical solution re-
lates the velocity and thickness of the front to the chemical 
concentrations. This reaction-<iiffusion model is valid for 
mixtures with an excess of arsenous acid. For excess io-
date, the reaction is more complicated. In this paper we 
concentrate on the simpler case of excess arsenous acid. A 
detailed study of the hydrodynamic instability should also 
incorporate the effects of the exothermicity of the reaction. 
Nevertheless, it was shown 10 that the thermal thickness of 
the front is much larger than the critical wavelength for the 
onset of convection. Consequently, it can be considered 
that the fluid above the front has the same temperature as 
the fluid below the front. This argument is justified by a 
previous calculation II that includes the thermal effects ex-
plicitly and shows that the results can be approximated by 
the limit of infinite thermal diffusivity. This limit amounts 
to fixing the temperature of the unreacted fluid at the 
higher temperature of the reacted fluid. Thus the difference 
in density between the unreacted and reacted fluids is due 
only to the differences in their compositions. In the present 
work, we couple the corresponding reaction-<iiffusion 
equation with the viscous fluid dynamics equations and 
study the linear stability of the convectionless state. 
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II. THE FRONT PROPAGATION EQUATIONS 
The fronts in the iodate-arsenous acid reaction with 
arsenous acid in stoichiometric excess can be described by 
the following reaction-diffusion equation:7 
ac 
at=D'iPc-ac(c-c2)(C-C3) = DV2c+ f(c). (1) 
Here, D is the molecular diffusivity, c is the iodide concen-
tration ([I-]), C2 is the initial concentration of iodate 
([103]), C3 is the ratio of two reaction rate constants: 
C3= -ka1kb and a=kb[H+f. The values of the reaction 
rate constants are given by Saul and Showalter7 as ka 
=4.50X 103 M-3 S-1 and k b=4.36X 108 M-4 S-I. This 
equation is satisfied by a propagating front solution with 
constant speed vo; 
C(X,t) =c2/( 1 + Bek(z-vot». (2) 
Here, B is an arbitrary constant that specifies the position 
of the front. The direction of propagation is the vertical z 
direction. The front velocity Vo and the parameter k are 
related to the chemical parameters by 
vo= (Dkt/2) 1I2[H+] [103 ] + (2Dlkb) 1I2ka[H+] 
(3) 
and 
k= (k~2D) 1I2[H+] [103], (4) 
According to Eq. (2), the concentration of iodide is zero 
initially and becomes C2' the initial concentration of [103], 
after the front passes. The density is assumed to depend 
linearly on the iodide concentration c: 
P=Po[I-!3(C-C2) ]. (5) 
Here, Po is the density of the reacted fluid. The coefficient 
of linear expansion ({3) is obtained from experimental mea-
surements of the isothermal fractional density difference 
(8) between the unreacted and reacted fluids.' 
{3=8lc2· 
Its value is given by {3=1.7XIO-2 g cm-3 M- 1• The 
model is made up of the reaction-diffusion equation and 
the fluid dynamic equations: 
av 
ai+(V'V)V=g{3(c-c2)i-VP+vV2V, (6) 
V'V=o, (7) 
and 
(8) 
Here, V is the fluid velocity, P is the reduced pressure and 
is related to the pressure by P= P + PolJz, g the acceleration 
of gravity (980 cm S-2) and v is the kinematic viscosity 
(9.2X 10-3 cm2 S-I). The density difference is included 
only where it modifies the large gravity term. The convec-
tionless state in the frame moving with the front is given by 
V(O)=-voZ, 
c(O) =c2/ ( 1 +ekz ). 
The origin was chosen to make B = 1. 
III. LINEAR STABILITY ANALYSIS 
We introduce small perturbations to the basic state: 
V=V(O)+V(I), 
and 
c=c(O) +c(l). 
Substituting these expressions into Eqs. (6), (7), and (8), 
and keeping only the terms linear in the perturbations, we 
obtain: 
and 
(9) 
( 10) 
ac(l) dfl 
--+v(O) 'Vc(I)+V(I) 'Vc(O)=DV2c(I)+- c(l). 
at dc c(O) 
(11 ) 
The continuity equation allows the use of a vector potential 
such that V(I) =VXA. We are interested in the analysis of 
plane wave perturbations and accordingly restrict the mo-
tions to the x-z plane. In two dimensions, we can choose 
the vector potential to be in only one direction 
A=A(x,z)y, where A is the stream function. Taking the 
curl of Eq. (9) and substituting the corresponding expres-
sions for the basic state of Eq. (11), we obtain: 
a 2 a 2 ac(1) 2 2 
at[-VA]+vo
az 
VA=-g{3 ax -vV VA (12) 
and 
a (1) a (1) alA k kz df 
_c__ _c_ _~_ C2 e. 2 (1) _I (I) 
a -Vo a +a (1 kZ)2+ DV c +d c. t z x +e c c(O) 
( 13) 
We introduce plane wave perturbations to these equa-
tions: 
A(x,t) =A(z)eut sin qx (14) 
and 
cO) (x,t) =c(z)eutcos qx. (15) 
The equations now become: 
(16) 
and 
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2 dc c2kekz dfl 
uc=DV C+VO-d +qA ( ki)2+-d c. z q+e c c(O) (17) 
Here, V2=d2/dx2-i. Convenient dimensionless units are 
defined by 
and 
s=lJg/vD, 
A=DqA', 
z=z' /s1l3, 
q=q'S1l3, 
k=k's1l3, 
C=C2S1l3C'. 
In these units the equations are: 
u 222 vO d 2 ~ V A=V V A+=m-d V A-c 
VS-'- vs z 
and 
(18) 
uc 2 Vo dc kekz 2 dfl c 
Di13 = V c+ DS1l3 dz + (I +eki )2 q A + dc JJS213 ' c(O) 
(19) 
where we have dropped the primes. This set of homoge-
neous equations determines an eigenvalue relation for q for 
a given u. These equations will be solved using a shooting 
method, but we shall first derive an analytical solution to 
compare with the numerical results. 
IV. ANALYTICAL LIMIT 
In this section, we study the solution of Eqs. (18) and 
(19) for the case k -+ 00. The constant k determines the 
thickness of the propagating front as can be seen in Eq. 
(2). We keep all other parameters constant including the 
velocity Vo and the diffusivity D. The front velocity and the 
inverse thickness k are related by the approximate relation 
vozkD, obtained by neglecting the second term in Eq. (3), 
which proves to be very small. Consequently, in this limit, 
the values of k and Vo do not satisfy the convectionless 
reaction-diffusion equation [Eq. (1)] since an infinite value 
of k would require Vo to be infinite. The limit k -+ 00 should 
be considered only as an analytical solution to Eqs. (18) 
and (19). The result will serve as a check of the numerical 
method employed in the next section. The equations now 
have constant coefficients and the Dirac delta function re-
places the derivative of the reaction term: 
V2V2A-(u/vi/3)V2A-c=0, 
dc 
V2c+a dz +b±c+iAlJ(z) =0. 
Here, 
and 
(20) 
(21) 
(22) 
1 dfl u 
b± = lim Di/3 dc - Di13' 
z~±", c(O) 
(23) 
The term containing Vo in the first equation was neglected; 
the fact that this term is 'small is confirmed in the following 
section. The term proportional to the Dirac delta function 
can be replaced by ajump condition on the derivative of c: 
> dCI _ del = -iA(O). 
-dz o+dz 0-
(24) 
Looking for solutions of the form Ferz to Eq. (21), we find: 
Y ± = [-a± ~a2-4(b± -(J2) ]12. (25) 
The jump condition given in Eq. (24) and the requirement 
that the solution vanish for Z-+ ± 00 gives 
where 
F 
if z>O, 
if z,,;;;O, 
~a2_4(b+_q2)+ ~a2-4(b_-i)' 
(26) 
(27) 
We are now left with a single linear homogeneous equation 
for A: 
(28) 
with the corresponding value of y. Without loss of gener-
ality we can require that A (0) = 1 and write a general so-
lution as a sum of a particular solution plus two linearly 
independent solutions to the homogeneous equation. This 
leads to the general form for A: 
_ 1/IeQ\z+ 12eQ2Z+g+eY+z, if z,,;;;O, 
A- 13e- Q\z+ 14e-Q2Z+g_eY-z, if z>O. 
The coefficients g ± are given by 
g±=F/(y!, _2q2y ±+l). 
(29) 
(30) 
The values of the constants Ii are obtained by requiring the 
solution to be continuous up to the third derivative and to 
satisfy the value of A(O) chosen. This is equivalent to re-
quiring a vanishing determinant of the matrix: 
1 1 -1 -1 
-g++g-
ql q2 ql q2 -g+y++g-y-
qi q~ 2 -ql 2 -q2 -g+y++g-y-
qt q~ 3 -ql 3 -q2 -g+~++g-~-
1 1 0 0 1-g+ 
This determinant gives an analytical equation for the un-
known eigenvalue q that can be solved using standard nu-
merical techniques. The results are evaluated numerically 
for the mixture used in the experiments of McManus et al. 
The composition of this mixture is: [103] = 5 X 10-3 M, 
[H3 As03]=29.8x 10-3 M, [H+]=10X 10-3 M. The mo-
lecular diffusivity is D=2.0X 10-5 cm2 S-I. In Fig. 1, we 
show the dependence of the growth rate u on the wave 
number of the perturbation q in dimensional units. The 
unit conversion is obtained by mUltiplying the wave num-
ber q in our units by S1l3. The growth rate u is already in 
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Wave number q(cm' 1) 
FIG. 1. The variation of the growth rate a with the wave number per-
turbation q. This relation follows from the thin front approximation of 
Sec. IV. The critical value of the wave number for marginal stability 
(a=O) is qc=4.244 em-I. 
S-I. The growth rate is positive for small wave numbers 
implying instability with respect to large wavelength per-
turbations. There is a critical wave number qc at which the 
growth rate is equal to zero and' for values q> qc it is neg-
ative. Although the qualitative features of the u-q relation 
are the same as the one obtained previously, with the eiko-
nal relation,3 the quantitative features are different. For 
example, the critical wave number in the k ..... 00 theory is 
equal to qc=4.244 cm -I whereas using the eikonal relation 
gives %=48.74 cm- I • These results show that the k ..... 00 
limit is essentially different from the eikonal approxima-
tion. The reason is that the k -> 00 limit assumes that other 
quantities, such as the front velocity, remain constant in-
stead of varying with k, and therefore is not a realistic thin 
front approximation. 
V. THE FRONT OF FINITE THICKNESS 
Here we find the eigenvalue q of Eqs. (18) and (19) 
using a shooting method l2 for finite k. This method is com-
monly used to obtain the eigenvalues for ordinary differ-
ential equations (ODE's) involving two-point boundary 
value problems. The method consists of starting the nu-
merical solution at one boundary point with the initial 
conditions prescribed by the problem plus some additional 
trial conditions. The boundary values at the second point 
are obtained by changing the trial conditions at the first 
point and choosing the correct eigenvalue. In our case, 
Eqs. (18) and (19) can be transformed into a system of six 
first-order ODE's of the form: 
d 
- \{I=M'II, dz 
where 
(31) 
\{II A 
\{I2 dAldz 
\{I3 c (32) \{I = \{I4 d2Ald~ 
\{Is d3Aldi' 
\{I6 dcldz 
and M is a 6 X 6 matrix with the corresponding functions of 
z as entries. The boundary cO,nditions require that c, A, and 
dAldz vanish as z ..... ± 00. In the algorithm the limits are 
replaced by taking the boundaries as two points Z= ±zm 
with large absolute values. At each of the boundaries we 
--have three free parameters to choose: d2Ald~, d3Aldz3, 
and dc/dz. We have a total of six free parameters to start 
shooting toward z=O, three at each boundary. We have to 
pick the free parameters and the eigenvalue q to match the 
solutions at z=o. This procedure is simplified by using the 
fact that the system of ODE's is linear. Any solution that 
satisfies the boundary conditions at a given point is a linear 
combination of the solutions obtained with the initial con-
ditions: 
(:}(~). m and m· (33) 
where these functions are evaluated at the boundaries. We 
label each solution as \{It (z) for i= 1,2,3; the superscript 
+ (-) corresponds to the solution that started at +zm 
(-zm)' Accordingly, any function that satisfies the bOl-!nd-
ary conditions at +zm is a linear combination of the func-
tions \{It. This linear combination is matched with the 
linear combination that started from -zm' This leads to 
XI \{Ii (0) +x2\{1i (0) +X3\{1t (0) 
(34) 
which is a homogeneous system of six equations in the 
variables Xi and Yi' The eigenvalue q is obtained by requir-
ing that the determinant of this system vanish. 
VI. RESULTS 
This method was applied first to large values of k. The 
implicit Euler method was chosen to shoot from the 
boundaries ±zm to avoid numerical instabilities. For large 
values of k, the coefficients resemble Dirac-delta functions. 
They are highly peaked at z=o and are negligible else-
where, requiring the use of a very fine partition around this 
point. It was convenient to introduce additional interme-
diate points, Z=E and Z= -e with matching conditions 
similar to the ones described on the previous section. A 
very fine partition was introduced in the interval [-E,+E] 
with the typical value of E being 501k. For very large k 
[k= 1.3 X 106 compared to the value of k=2.133 obtained 
from the experimental conditions I and Eq. (4) expressed 
in dimensionless units], the dependence of the growth rate 
u on the wave number q agrees with the analytical results 
up to three significant figures. The resulting trace for u-q 
in Fig. 1 is indistinguishable from the analytical results for 
k -> 00. The analytical value of q c is 4.244 cm -I while the 
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FIG. 2. The variation of the growth rate (J with the perturbation wave 
number q. The solid trace corresponds to the eikonal approximation for 
the front propagation. The broken trace corresponds to the one variable 
reaction-diffusion equation. The composition of the mixture is: [103]=5 
X 10-3 M, [H3 As03]=29.8x 10-3 M, [H+]=lOx 10-3 M. The molec-
ular diffusivity is 2.0X 10-5 cmz S-I. 
value obtained with the shooting method is 4.240 cm -I. 
This result confirms the accuracy of the shooting method. 
In the treatment for k-> 00, we neglected the term propor-
tional to Vo in Eq. (18). If the term is kept the answer for 
qc would be 4.236 cm- I , very close to the analytical value 
where the term was neglected. The same small error is 
introduced in the calculation of the a vs q plot. 
The shooting method applied to fronts of finite thick-
ness leads to results that are close to the results of the 
eikonal approximation. In Fig. 2, we compare the results of 
the shooting method with the ones obtained with the eiko-
nal approximation. The chemical composition chosen cor-
responds to the McManus experiments I as was previously 
described. The agreement is good overall, and is best near 
q=O. This is likely due to a decrease in the curvature of the 
perturbation as the wavelength is increased, indicating that 
the eikonal relation is a better approximation for smaller 
curvatures. The critical wave number qc=48.74 cm- 1 ob-
tained using the eikonal relation is in good agreement with 
qc=46.39 cm -I from the reaction-diffusion equation. The 
speed of the front obtained from the reaction-diffusion 
equation (vo=3.31XlO-3 cms- I ) is slightly higher than 
the experimental convectionless front (vo=2.95 X 10-3 
cm S-I). Modifying the parameter kb to fit the experimen-
tal speed (kb=3.45X 108 M-4 S-I) results in a value of 
qc=46.01 cm- i for the critical wave number. Since this 
modification changed the results by only a small fraction, 
we will continue our analysis with the rate constants pro-
vided by Saul et al. 
The reaction-diffusion equation allows us to investi-
gate the onset of convection in different chemical mixtures. 
In Fig. 3 we plot the critical wave number qc as a function 
of the concentration of iodate ([103]) and compare it with 
the results obtained with the eikonal relation. The range 
where the chemical concentration is varied (3.5-6.0X 10-3 
55 
~ 
E 
0 
" ~ 
Q; 50 
.a 
E 
:::l 
C 
Q) 
> OJ 45 3: 
(ij 
.g 
B 
40 
3 4 5 6 7 
Iodate concentration ([10 -] x 103 M) 
3 
FIG. 3. The critical wave number qc as a function of the iodate concen-
tration. The solid trace is the result obtained with the reaction-diffusion 
equation. The broken trace indicates the result obtained with the eikonal 
relation. 
M) is a reasonable extension of the range explored in petri 
dish experiments (4.2-5.0X1O -3 M). The change in qc 
observed from the eikonal relation is due to the change in 
the fractional density difference between the reacted and 
unreacted fluids .. It is assumed that the fractional density 
difference is proportional to the iodate concentration. This 
assumption is justified from the fact that in· reactions with 
an excess of arsenous acid almost all iodate is transformed 
into iodide as the front passes. In contrast to the eikonal 
relation, the reaction-diffusion equation not only accounts 
for the change in density but also for the change in speed 
and thickness of the chemical wave. The dependence of qc 
obtained from the reaction-diffusion equation is almost 
identical to the one obtained from the eikonal relation with 
the exception of a shift between the curves. We attribute 
this result to the important role played by the density dif-
ference on the hydrodynamic instability of the front. For 
both cases the critical wave number increases as the iodate 
concentration increases, corresponding to an increase in 
the fractional density difference. The increase in the critical 
wave number implies that smaller wavelengths can trigger 
the instability, thus making the front more unstable. These 
results indicate that the greater the density difference, the 
more unstable the convectionless front becomes. In Fig. 4 
we calculate qc as a function of the hydrogen ion concen-
tration ([H+]). In this case there is no change in the den-
sity difference between the unreacted and reacted fluids 
since we keep the iodate concentration constant. The only 
other factors involved in the variation of qc are the speed 
and the thickness of the front. An increase in the concen-
tration of the hydrogen ion corresponds to an increase in 
the critical wave number (more unstable). The increase in 
hydrogen makes the front thinner, so the thinner the front 
the more unstable it becomes. The eikonal relation pro-
vides only a very weak dependence of qc on the speed of the 
front and none as a function of the front thickness. Con-
sequently the eikonal relation gives qc independent of [H+]. 
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FIG. 4. The critical wave number qc as a function of the hydrogen ion 
concnetration ([H +]) . 
Hence, the inclusion of the reaction-diffusion equation in 
the theory yields an observable variation of qc with [H+], 
not obtainable with the eikonal approximation. 
VII. CONCLUSIONS 
The linear stability analysis of chemical waves in the 
iodate-arsenous reaction shows instability for perturba-
tions whose wavelengths are greater than a critical wave-
length (Ac=21T/Qc) as the waves propagate upward. This 
critical wavelength depends not only on the density differ-
ence between reacted and unreacted fluids but also on the 
thickness and speed of the chemical front. For the iodate-
arsenous reaction with excess of arsenous acid, the wave-
length Ac is well approximated by replacing the reaction-
diffusion mechanism by the eikonal relation. 
Experiments in the iodate-arsenous system show no 
convection in cylinders of diameter less than 0.94 mm. An 
estimate for the critical diameter for onset of convection 
based on the present results should lie between half the 
critical wavelength and the critical wavelength: [0.68,1.36] 
mill. A detailed calculation of the critical diameter sho~ld 
include the boundary conditions at the walls and the cor-
rect treatment of the cylindrical geometry. A previous the-
oretical work 13 based on the eikonal relation indicates a 
transition to nonaxisymmetric convection for a critical di-
ameter of 1.14 mm. The agreement between the eikonal 
relation and the reaction-diffusion theory reaffirms this re-
sult. 
The present work shows that the instability may be 
driven by changing the chemical composition of the mix-
ture instead of using cylinders of different diameter. This 
may facilitate future comparisons between theory and ex-
periment. The numericai method described may be ex-
tended to study the hydrodynamic stability of other prop-
agating fronts, such as the ones in the iron-nitric acid 
system or the Belousov-Zhabotinskii reaction. 
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